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We develop an arithrretic of complete permutations of sy-ilmetric, integral bases; this 
arithmetic is comparable to that of perfect systems of difference sets with which there are 
several interrelations. Super-position of permutations provides the addition of this arithmetic. 
Addition if facilitated by complete permutations with a certain “rplitting” property, allowing 
them to be pulled apart and reassembled. The split permutations also provide a singular direct 
product for complete permutations in conjunction with the multiplicatiou (direct product) of 
the arithmetic which itself derives from that for perfect systems of digerence ccts. 
We pay special attention to complete permutations satistying constraints both fixed and 
variable; this is equivalent to embedding partial complete permutations iu complete permuta- 
tions. In the sequel, using this arithmetic, we investigate the spectra + certain constraints with 
respect to central integral bases which are of interest for the purpose of giving further 
constructions either of complete permutations with constraints or of irregular, extreme1 perfect 
systems of difference sets. 
1. Complete permutations 
For the most part in this paper we are concerned with permutations of finite 
subsets of the integers. The theory which we consider can often be extended to 
infinite subsets and, indeed, to more general settings. But, except in Section 2, we 
are content with the limitations of finiteness as this is adequate for our practical 
purpcscs. 
Let Iv= {nl,. . . , n,) be ~setofintegersn~, lsisrn, withn,<:nz<-*.<n,,,. 
In discussing N, it is of&~ convenient to write ii = -n. The set N is said to be 
symmetric if A is in N whenever n is, so that n,_i+l = Ai, 1 G i 6 m. For c 2 0, the 
cmtra! set _M. commises those integers in modulus less than c; and; f~or c > d 3 0, 
the sets NC,, are defined in terms of these central sets by 
N C,a=NC\N,={n:da]nlcc}, Oad<c. 
Let SN be the symmetric group of permutations of N, where permutations LY in 
S, are written vectorially, 
Q= (4nl), . . . , a(4), 
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is a 
(n - e)(n) = x(n) - e(n) = z(n) - n, n E N. 
But this is naturally of little interest in general, unlike the composition of 
permutations which is again a permutation. However, if z - e is in S’, then the 
permutation it is said to be complete; and if S’ contains complete permutations, 
then N is called an integral base. Note that if n is complete, then (as N is finite) 
{n(n)-n:n.EN}=N, (2) 
and z -e is represented vectorklly as the usual vector difference of repre- 
sentations of JE and e. Analogously, z in S’ is additive if JT + e, the usual sum of 
the functions z and e, is in SW The two notions are equivalent in that n is 
complete if and only if ti - e is additive; moreover, for symmetric ntegral bases 
N, -z is in S’ whenever it is and is complete if and only if nis additive, where, 
of course, 
(-)W = -x(n), n EN. 
A complete permutation JC in SN is readily recognized as such from its 
representation B  since if we assign agradient x(n) - n to the edge joining (n, f) 
to @r(n), 2) in B3t, then in view of (2) the set of these gradients i N. So Fig. 1 
shows that cu, given by (1) is a complete permutation ofNC9 c2 I, and thus that 
the central sets NC, c 3 1, are examples of (symmetric) integral bases. 
In develo$ng a theory of complete or, equivalently, additive permutations we 
confine attention here chiefly to the central integral bases NC, c 2 1, and, to a less 
extent, to symmetric ntegral bases which are finite unions of sets of the form 
N=JJ > d 2 0 (it is less obvious that these sets may be bases, but see Section 4 and 
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1181). For further information on complete permutations, both of integral bases 
and more general ones, as well as ori their applications, see [l-3, 7-11, 13, 
12-20, 22-251 and the further references cited in these papen. One reason for 
concentrating on complete permutations of central integral bases is that they play 
an important r6le in the theory of perfect systems of difference sets to which an 
introductory account is given in Section 3 and 4; see also the survey [l] and the 
more specialized papers [4-9,11-H, 17-18,24X5). A second reason for looking 
at complete permutations of the bases NC, c 2 1, stems from a problem in [lS] 
(see also [S]) of con&ucting certain irregular critical (or extremal) petiect 
systems of differcncc sets which prompts investigation of permutations with 
constraints, although it would be natural to consider these anyway viewed as 
embeddings of partial complete permutations. 
Our Grst purpose is to develop an arithmetic of complete permutations of the 
symmetric integral bases mentioned in the previous paragrdph. The arithmetic is 
comparable to and, at several points, compatible with the srithmetric of perfect 
systems of difference sets (see [6, 11, 13, 14,251). The addition in this arithmetic 
is provided by superposition of functions and is facilitated by permutations with a 
%plitting” property which enables them to be pulled apart and then reassembled 
(see Section 2 and compare [14]). The multiplications or direct product derives as 
a special case of that for perfect systems of difference sets (see Section 3 and 
compare [ll, 13,251 and, con$%bined with split permutations, yields what we term 
a singular direct product. Perfect systems of difference sets, in conjunction with 
the parametric approach to complete p ermutations ketched in Section 4 (see also 
[17, 23-251) are an abundant source of complete permutations of the form NC d, 
c > d 2 1 (split systems produce split permutations, but not all split permutations 
arise in this way). 
To describe our second concern, that of complete permutations with con- 
straintq we make a series of definitions. Suppose that N is an integral base. A 
k-tuple u = (uI, . . . , uk) in Nk is full if lzi, 1 G i s k, are 211 distinct. Let N and u 
be full k-tuples in Nk for some k 2 1. A complete permutation 3t in & is said to 
satisfy the constraint U+ u (with respect o the base N) if 
(3) 
A constraint U- o admits complete permutations (of the base N) if there is a 
complete permutation 36 in SN such that (3) holds, in which case o - u = 
( VI-ul,...,& - t(k) is also a full k-tuple in Nk. Alternatively, but equivalently, 
for fu!l k-tuples I and 3 in Nk, 36 defined by (3) is called a partial complete 
permutation of N if o - u is in Nk and again full; and a partial complete 
permutation x as in (3) is then said to be embedded in a complete permutation 
3~” of N if ~c*(uJ = z(ui), 1 G i 6 k, that is if 3t* satisfies the constrsint I + $1. In 
the case of the bases NC, c 3 1, c,nstraints as described by (3) are called 
fixed if ui, Q, i 6 2 - = k, are constants, independent of c and are othertise called 
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variable. For example, for c 2 3, X~ in (1) satisfies the variable constraint 
(c - 1, 0, 1, c - l)+ (0, c - 1, c - 1, 1) 
and cu2 satisfies the fixed constraint (0, l)+ (-1,l). Some generai results on 
complete permutations with constraints, both fixed and variable, and taking 
account of splits, are given in Section 5. 
The (central) spectrum C(er; at) of a constraint U-O is the set of integers 
m = 2~ - 1, such that u --, v admits complete permutations in N, (note that m is 
the degree of such permutations). For u = u = (0), we write U(u; u) = VO. 
Knowledge of %$ is of intrinsic interest for the development of the arithmetic of 
complete permutations of the symmetric integral bases as in connection with the 
singular direct product in Section 3 and associated results in Section 5. In this 
direction, we show, in Section 6 (see [7]): 
A. ‘&o c~P~T&& of all odd positive integers except 3 and 5. 
As a complement to Theorem A, to illustrate the application of the theory 
developed in earlier sections and to meet the specific requirements in [15] (where 
Theorem B1 and & are used in the construction of certain irregular critical 
perfect systems of difference sets), we show further, in Sections 7 and 8 (see [7]): 
‘Iheorem B1. %I = %((O, 1); (2,1)) cons&r of ad odd positive integers except 1, 3, 
and 5 and possibly except 45, 67 and 69. 
Theorem &. q = U((c - 3,3,0,2,5); (0,4, 1,3,2)) consi& of all odd positive 
integers m, with m a 13 except possibly 33 s m G 633. 
We show rather mere in Section 8 then we state in Theorem B2. But since the 
possible exceptional cases there and in Theorem B1 depend on the extent of 
computer studies, the important point to convey is that there are at most finitely 
many possible exceptions+ In default of general constructions, there is a trade off 
between the amount of computing one is prepared to do in search of 
permutations with certain properties and the precision with wh,ich the spectrum is 
determined. On the other hand, as a general result, it is shown in [18] that if a 
fixed constraint admits complete permutations in Iv’, fo;; some c, then it does so 
for all sufficiently large c. The situation for variable constraints appears rather 
more complicated, although some results for the sliding constraints of Section 5 
are also given in [ 181. In order to pin down some of the results in [8], we should 
need analogues of Theorem Bi for other fixed constraints; the merit of these 
results is that they obviate the need for anologues of Theorem B2 which might 
otherwise have been anticipated on the basis of [15], even if [S, lS] also shows 
that results like Theorem ain a place in this work. 
plwndix 1 gives the tations relevant to our results, especially to the 
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proof of the above theorems. Appendix 2 presents, for small c, a census of the 
complete permutations of NC which split (see also [13, 161) for further numerical 
information on complete permutations). The appendices are at the end of [7]. 
2. Addition and split permutations 
The foundation for an addition for complete permutations (as complete 
permutations of sets now rather than as functions as in the opening section) is the 
following straightforward lemma in which we temporarily suspend the assumption 
that integral bases be finite so as to give a more general result; thus if JC is a 
complete permutation of M, then in addition to (2), z - e is one-to-one. 
Permutations zl an x2 of (possibly infinite) integral bases Ml and M2, 
respectively, are said to be consistent if 
q(n) = n2(n), n E MI n M2. 
For consistent permutations 3tl and n2 of integral bases MI and M2 respectively, 
we may define functions q @ n2, zl n n2 and xl A x2 on Ml U M2, Ml f7 M2 and 
MI A M2 = (Ml U M,)\(M, n M2) respectively by: 
(nl@ Id2)(nl = &(n)* nEMi, i=l,2; (5 ) a 
(JQ n Ic2)(n) = q(n) = n2(n), n E Ml n M2; (W 
Lemma 1. If xl and jcz. are consistent, complete permutations of the integral bases 
MI and M2, respectively, where MI n M2 or MI A M2 are finite se& then 
(i) 3tI n zt2 and q A ar2 are consistent, complete permutations of the disjoint 
integral bases MI n M2 and MI A M2 respectively ; 
(ii) zI @ x2 is a complete permutation of MI U M2, and 
(iii) (nI n n2) CD (q A 3d2) = zI %3 ar2. (6) 
PRV& For i = 1, 2, let S(i) = SN, where N= Mi; and let ei be the identity 
permutation in S(i)* AS Xi is ZI complete permutation of Mi, Oi = Ei - ei is in S(+ 
Further, as q and z2 are consistent, so are q and a2 and thu+ we may define 
q fi o2 and a2 A tit. Now o1 f? azP being the restriction of the permutations 0, to 
MI n M2, is a one-to-one function on MI f3 M2. Since, for n in MI n M2, we have 
(a, fl a,)(n) = a,(n) = 02(n), the range of ol n o2 is contained in and 
hence the range of q A o2 must contain MI n M2. Thus 8 MI n M2 or MI A M2 is 
a finite set, then al n a2 or q A a2 respectively is a permutation, from which it 
follows that the other is also, showing that xl fI ar2 and n,’ A 3t2 are complete 
permxltations. 
As, MI n M2 and MI A M2 are disjoint, nl Cl n2 and zI A srt2 are consistent 
and, being complete, (q n z2) @ (aI A n2) is therefore a permutation of 
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(Ml n M2) U (M1 A M2) = Ml U M2. Finally (6) follows from the definition (S), ss 
z1 @ ~~ is a complete permutation of Ml U M2 which concludes the proof of the 
lemma. 0 
Of course, in the case which interests us here, Ml and M2 are finite so that 
M1 n M2 and Ml A M2 are always finite and therefore (i), (ii) and (iii> hold. It is 
natural to consider the superposition zl @ ~r2 of zl and ~~ defined by @a) as a 
kind of sum as the notation is intended to suggest. The operation @ is 
commutative. Note that complete permutations n1 and 3r2 of the disjoint bases 
N,, d 3 1, and lV&, c > d > 1, respectively are consistent and so may be added 
(super-imposed) to give a complete permutation 3tl @ 3r2 of NC, c > 1; in such 
circumstances, the degree of nl &r2 is the sum of the degrees of arl and n2, 
making the terminology of addition all the more attractive. 
Greater content is given to this notion of addition @ by the further observation 
that certain complete permutations of an integG base N may be “split” apart in 
just such a way as facilitates this addition. Thus let 36 be a complete permutation 
of N and let x be a (fixed) non-negative integer. ‘We say that 36 has a split at x if 
{n:In(n)-nlcx}={ u. 3t u cx, 1241 Cz} U {v: In(v)zw, 1211 ax}, ‘I ( ,I (7a) 
or, equivalently, if
(n: lz(n) - nl 2x) = {u: ln(u)l <x, 18412 x} u {v: In(v) 2% I4 -). m 
Annther- alternative formulation (based on the one for splits in perfect systems . --v-*---, -___ 
of difference sets in [14]) 
paragraph; and let p be an 
bY 
and 
is as follows. Let 3t and x be as in the previous 
(arbitrary) non-negative integer. Define fx,p and zx,P 
xQ2, 
InI <x, (7 1 C 
nG-x, 
jt;e,p(f*,pO) =fx.&m n E M- u cw 
Thus, in any case, xx:+ is a permutation of 
A complete permutation of N has a split at x if for all non-negative inte.gral p, 
nx,P is in fact a complete permutation of fr,JN): this happens if and only if (7a) 
or (7b) hold. 
The notion of a split is most useful in the case _N = Nc,d, c > d 3 0, as then in 
tk rrnt+tion of (7c, d, e), 
otice that the definition allows us to say in this case that all complete 
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permutations of Nc,d, c>dH, haveasplitatx= c: we call this the trivial split 
and refer to others where x < c as proper splits. The following theorem is an 
immediate consequence of Lemma 1 in view of (7fj and so gives the point to this 
notion (compare [14; esp. Theorems 2 and 31). 
Theoreu~ 1 (Addition theorem for complete permutations with splits). 
(i) If z is 4 complete permutation of NC = NCnO with a split at x, c 3.x > 0, and p 
is a complete permutation of Nd,r, d > x > 0, then xx,+x @ p is a complete 
permutation f NC+d-x with a split ct d. 
(ii) lffirther, p has a split at y, d 2 y > x > 0, then Q-~ 03 pY,C_-x is a complete 
permutation of Nc+dWx with splits at y and c + y - x. 
Neither definition nor theorem would have much point if complete permuta- 
tions with proper splits did not exist. However, they are infact quite plentiful as is 
shown in Apljendix 2 in the case of bases N, for small c; and Theorem 1 then 
demonstrates that complete permutations can have several proper splits. Whether 
or not a complete permutation  has a proper split is perhaps seen most easily in - 
the bipartite graph representation Bn; thinking of the extremities of &r being 
“stretched” away from the centre, 36 has a split at x if and only if the gradients of 
edges of Bn crossing vertical cuts at k(x - 4) are exactly the igradients not less 
than x (compare (7a), and see, for example, Figs 2, 3 and 4; note also that fr,,, in 
(7~) is the “stretching” function). Examples of complete permutations with 
proper splits are illustrated in Fig. 2 which also shows some instances of Theorem 
1. Examination of Fig. 1 indicates that the permutations a=, e 2 3, in (1) do not 
have proper splits. 
The biparite graph representation also reveals that if 3t is a complete 
permutation of a symmetric base N with a split at x, then so are In (the inverse of 
R) and Rn (the left-right reverse of n) defined by 
I;IG = Jr-’ (8 ) a 
and 
Rn(n) = --JG(--n), n EN. (8V 
This is also true of GS (the complement of z) defiaecr by 
Cn(n) = n - z(n), n E N, (8 ) C 
as may be seen from (7a) with some set theory: noting that C(Cn) = n and 
{n: IGr(n)l Cx} = {u: I@) - ui Ku}. 
Hence all permutations in the orbit of a complete permutation .T ol’ N under tk 
action of the group generated by the invohrtions I, R and C split at x if JZ does (for 
further information on the action of this group on the complete permutations of a 
symmetric integral base, see [13, 16, 17, 19, 201). e definitions (8a, b, c) are 
illustrated in Fig. 3. (It may be noted that for a complete permutation 31: of an 
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(L): n = a2 : (3 = 2, x = 1 (ii) p : d = 4, x = 1, y = 2 
I’)< l : : : ll -- 3++ 
l+p -__- - 
0 l+P 3+P 2+P ‘i b l 2+P 3+P 
(iii) 
k P (iv) P 2, P 
33 
? T i 0 1 2 3 
(vi) Oo 1 
=a wp 
(vii) u 1 = A 1, 3 
tb p, splits at 2, 4 (viii) a* = 
5, 1 w P2, 1’ splits at 2, 3 
Fig. 2. Examples of splits and addition. 
(iii) B(1 n) (iv) B(Cr) 
Fig. 3. epresentations h, (Rn), B(h), B(Cz), indicating common split: x = (i, 3,2,2,1,3,0). 
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integral base, any one of In, Rz and Cjt is also complete if and only if the base is 
symmetric.) 
As against his; it seems for more problematic to specify where proper splits 
can occur (as is also the case with the analogous notion for perfect systems of 
difference sets). A lower bound is provided in kmma 2. As usual, we define 6i,j 
bY 
6 . .= 
0, i#j, 
11 1, i=j. 
Lemma 2. If 3t is a complete permutation of l&d, c > d 2 0, with a split at x, then 
3x%+2d+6(-J, (9) 
Proof. Suppose that n is a complete permutation of N = A& c > d 3 0, with a 
split at n. Let g(z) and h(n) be the number of elements in the sets 
L1 = {u: In(tc)l CX, 1~1 <x} and L2= {v: In(v)! ax, 1111 ax}, 
respectively; these sets are disjoint and their union is, by (7a), the set 
{n: In(n) - nl cx}, 
which, since it - e is also a permutation of IV, contains 2(x - d) - 60,d elements. 
Hence; 
g(z) + h(n) = 2(x - d) - i&w (10) 
On the other hand the sets 
and 
{u: pr(u)l Cx, lcrl ax} = {n: InI ax}\L, 
{v: In( %J, IV1 cx} = {n: InI <x}\L,, 
which appear OF the right hand side of (7b): are equinumerous, o 
2(c -x) - h(z) = 2(x - d) - &,,a -g(x). _ (10 
Now, combining (10) and (1 l), it follows that c = x + h(z). But, since g(n) 2 0, 
(10) implies that h(z) G 2(x - d) + aO,+ Hence, c 6 3~ - 2d - 84d and (9) holds. 
Note further that it follows from (10) and (11) that g(z) and h(n) are 
determined by c, d and x when n is a complete permutation of IV& with a split at 
X: indeed, 
g(x) =3x -C -2d - &Jj f&z) '-C-X (12) 
However, (12) does not ensure that a complete permutation x of !+qC,d has a split 
at x and, in some cases, if (12) is statisfied it is impossible for the permutation to 
split (consider, for example, the cases c - -3, d=Oandx=2orc=4, d=Oand 
x = 3; and compare Lemma 3 and Theorem A). 
‘!%F! esasianles depicted in Figs. 2(i), (vii) and (viii) show that the lower-bo 
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(9) is best possible. In the other direction, the trivial upper bound x < c for a 
proper split at x in a complete permutation of NC is also best possible as the next 
lemma, in conjunction with Theorem A, shows. 
a 3. A complete permutation o1 of NC, c 3 2, has a split at c - 1 if and only 
if a0 defined by 
00(n) = ( 0, n=O; q(n), 0 < InI < c - 1, (13) 
is a co;mplete permutation of NC+ 
If (Jo is a complete permutation of NC, c 2 2, with a split at c - 1, then in 
dear the gradients crossing vertical cuts at k(c - 3) are just k(c - 1) and hence or 
must Gx C- ? or c - 1 while interchanging the other with 9. The restriction of o, 
to N,\{c - 1,0, c - 1) is therefore also a complete permutation; and this means 
that q defined by (13) is a complete permutation of NC_, as asserted. 
Conversely, if ol is a complete permutation of NC, c 3 2, such that a0 defined 
by (13) is a comp!ete permutation of NC+ then, as a0 restricted to NC-,\ (0) = 
NC\ {a, 0, c - 1) is also a complete permutation agreeing with a1 there, o1 -. 
restricted to (c - 1, 0, c - 1) must be a complete permutation too (compare 
Lemma 1). But then q must fix one of c 7 and c - 1 and interchange the other 
with 0, demonstraing that al has indeed a split at c - 1. 
It is clear that a0 can be any complete permutation of NC_, satisfying the 
constraint (O)-, (0), for the spectrum of which, see Theorem A; and then in the 
notation of (1) and (7d), 
where n = 4.~~ or Ra2. 
An illustration of Lemma 3 is given in Figs. 2(ii) (vi) and (vii). The examples 
in Figs. Z(vii) and (viii) show that, for the base N,, splits can also occur anywhere 
between the two bounds. It wou’ld be interesting to explore such possibilities 
further. 
A multiplication 60 for complete permutations is proved by the following 
result, the proof of which is a matter of straightfor+ard verification (see also Fig_ 
4). 
et theorem for complete pe ations), Let zl and n2 
and NCw respectively. en q @ 3r2 defined for i 
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(i) Tl 
1 0 1 2 
\ u 
JN 
i 0 1 2 
(ii) II 
2 
34 5 67 
N 
34 56 7 
(iii) Tr *fl,, 1, indicating split 
(iv) Tr otll 2 1 
Fig. 4. Examples of direct product of complete permutations. 
anti j with lil<c’ and li!Cc” by 
x(i(k’ - 1) + j) = 3rl(i)(2cN - 1) + x2(j) 
is a complete permutation of NC, where 
8; = 2C’C” - c’ - c’! + 1. 
We reffer to ztl @ n2 defined by (15) as the direct product of z1 by n2 where the 
notation is chosen in conformity with that for addition in Section 2 as well as to 
avoid confusion with the composition of permutations. It is clear that this product 
is not commr-tative: the order in the expression (ISj adopted here is that 
suggested by the mul&i,olication theorem for perfect systems af difference sets as 
in [I. I 11,13,25] and as described briefly at the end of this sectiorh. Zowcver, the 
degree of z1 Qb n2, as also of n2 @ zlr is the product of the degrees for n, and n2 
since 2c - 1 = 2(2c’c” - c’ - c” + 1) - P = (2c’ - 1 j(2Y - l), which indeed is the 
justification for using the term “direct product”. Thus, in appropriate cir- 
cumstances, the sums and products of degrees of complete permutations are 
associated with the sums and products of such permutations in the sense of the 
operations CD and @, making the arithmetic of complete permutations under 
these operations well suited as ;1 tool for determining spectra on the lines of 
Theorems A, BB and B2. Note also that the o @ are compatible 
in that @ distrib+ztes over 6k 
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Using complete permutations with splits and superposition (after the manner of 
(14)), we obtain the singular direct product of the next theorem. 
*Theorem 3 (Singular direct product theorem for complete permutations). Let z1 
and 3r2 be complete permutations of NC* and NC., respectively with q(O) = 0; let 0 
be a complete permutation of Nd with a split at c”; and let p = 2c’c” --m c’ - 2c” + 1. 
X&2 #“z = WZi @‘, ~2 defined by 
Id=361~aJt2=((~,~~~~A;?rZ)~~” 
-I c ,P’ wo 
is a compiete permutation of Nd+p. Also Ed has degree 2(c + d - e”) - 1 and a split 
at c, where c = 2c’c” - c’ - c” + 1. 
Proof. Mte that, by (15), q(O) = 0 ensures that the restriction of q @ n2 to N,- 
is ar2 (co~mp~e (14)). So, from (5), definition (16a) amounts to 
a(n) = 
IdI@Id2(n), c’s lnl Cc; 
a,..,(n)~ inl<c’orc+l<d+p, 
where c and p are as given in the theorem. It is then easy to observe that (16b) 
and (ME) do defke consistent complete permutations of the disjoint bases NE.=” 
and N,= LJ Nd+p,, respectively and that their sum is n = q a0 z2 which is 
therefore a complete permutation of Nd+p,c as asserted. The degree of n is 
2(d+p)-1=2d+2(2c’c’-c’-c’+1)-1=2(c+d-c’)-1. 
Finally, 36 inherits a split at c from the split of 0 (note (Mc)). Cl 
We call 36 = zB @, n2, defined by (16a), the singular direct product of nl by z2 
GL :+‘tci to 0, by analogy with the notion of singular direct products in other 
combinatorial constructions: the utility of this type of product, I.ere as elsewhere, 
is in enlarging our knowledge of spectra since in this way it is possible to show 
that a spectrum contains certain arithmetic progressions which are not just the 
multiplies of some factor obtainable using direct products alone. (Note that, in 
the case d - c” and ar = n2, we recover the direct product.) The conditions q, = 0 
in Theorem 3 also provides one reason for special interest in the spectrum Co (see 
theorem A and compare Lemmas 7 and 9). 
Splits are preserved under both direct and singular direct products in the sense 
made explicit in the following, easily verified statement (compare [ 14, Theorem 41). 
(Multiplication theorem for complete permutations with splits). 
Under the hypothesis of Theorem 2 (resp. Theorem 3), if q has a split at -a, then JZ 
dejked by (15) (resp. (16a)) has a split at (2~” - 1)z - C” + 1. 
inally, to conclude thus section, we sketch the corm ion with p&ect systems 
of difference sets, indicating how the multiplication in eorem 2 ma!/ be viewed 
An arithmetic of complete permutations with constraints, Part I 231 
as a special case of the comparable theorem for such systems. This review also 
serves as a useful preliminary for our account in the next section of the 
parametric method for obtaining complete permutations from perfect systems of 
difference sets. 
A component A of valency s is a se? A = {aO, al, . . . 9 a,} of integers ai, 
OsiGs, wIrereO=aOCaIC=*. <a,. The difference set D(A) of the component 
A is then the set 
D(A) = {aj -Cr,:r!Gi<jGS}. 
Moreover, we also say that D(A) is of valency s; and, if all the integers aj - ai, 
0 s i < j s s, are distinct, D(A) is said to be @U. A perfect system of r difference 
sets with threshold t is a partition of a run of consecutive integers beginning with t 
into r full difference sets of valency at least two (this last restriction being 
imposed to avoid triviality). For the more technical detinition of perfect systems 
which split we refer to [14] (compare (7c-ff)). We also generalize the notion of a 
complete permutation as follows: a completely compatible set of permutations of 
an integral base N, of size s, is an s-typle (pl, . . . , ps) where pi, 1 s i s s, are 
permutations o1 c N such that p1 = e, the identity permutation, and pjpt”, 
1 G i G j G s, are complete permutations. 
These definitions allow us to state the following result (see [11, 13, 251): 
Theorem 5 (Multiplication theorem for perfect s>stcms of difference sets). 
Suppose that there is a perfect system of F difference sets with threshold t which 
splits at x and in which all the difference sets have vatency at most s. If there is a 
completely compatible set of permutation of NC of size s, then there is a perfect 
system of (2c - 1)r difference sets with threshold (2c - 1)t - c + 1 which splits at 
@-1)X - c + 1 and in which all the difference sets have valency at most s. 
Now, a complete permutation of NC is equivalent o a perfect system of 2c - 1 
difference se& with threshold c which splits at 3c - 1 and in which all the 
difference sets have size 2. Indeed, the difference sets of such a split system have 
the explicit representation D(An), Ini c c, where 
A, = {0,4c - 2n + n, 6c - 3 + z(n)}, InI < c, (17) 
for some complete permutation ;~d of NC; and the converse is easily verified from 
(17) (these systems are examples of the separable systems in [13]; see also [14, p. 
3901, [ 15, Section 41 and the next section). 
II___ The multiplication in T~CVIGIU 2 may then be obtained by first viewing Ei as a 
perfect system of difference sets after this fashion, then “multiplying” by the 
completely compatible set (e, Q) using Theorem 5, and finally reinterpreting the 
result as a complete permutation, nameJy x1 @ n2. l Theorem 5 ensures that this 
“product” is a perfect system of 2c - 1 difference sets with threshold c which 
splits at 3c - 1 and in which a,d the difference sets have valency 2 where, in the 
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D(A) = a -a s 0 
. i&-a, A = {ao, al, . w w , a,}? 
. 
. a -a s 2 a,- _I ‘F cm l ‘<as 
a3 
-q_, Sk ,, 
l Y 
c 
. 
a2-ac a-4 -at, 
al--a0 a2-al a3-a2 l . . a -a s s-1 
(i) Difference set D(A) in ‘difference triangle’ form. 
D(A,)= 19 D(A,) = 21 
16 18 10 17 
1 is 3 4 6 11 
(ii) e=22. 
D(A,) = 2J D(A,)= 25 
222 7 18 
D(A,,)= 21 
16 17 
4 12 5 
WA,) = 22 
14 20 
9 12 13 
2 7 5 8 
(ii) e=25. 
30 34 33 
2028 2225 19 29 
3 18 27 9 13 12 4 15 14 
2 1 17 10 
(iv) e= 34. 
D(A,)= 23 
8 15 
D(A,)= 20 
19 14 
9 13 11 
6 3 10 1 
32 31 
11 26 23 24 
6521 7 16 8 
Fig. 5. Some partitions of the first e positive integers into perfect systems of difference sets displayed 
;%I ‘difference triangle’ form. 
notafim of Theorem 2, c = 2c’c” - c’ - c” + 1, so the final reinterpretation makes 
sense (see Fig. 5). 
Without a plentiful supply of complete permutations, the arithmetic developed 
in the proceeding two sections would be of limited scope, praticttlarly when 
constraints are also taken into account. A source of supply is to hand in Theorem 
6 which complements Theorem 5 by showing that complete permutations can be 
derived from perfect systems of difference sets (see [ 1, 17, 23-251). We consider 
(Ai), 1 s j s r, of valencies j, I. S j s r, where 
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& 3 2 Sj(Sj +’ ;,. *- _ , 
j-l 
X%-mm 6. (i) Suppose that this system is a perfect system Of ‘difference sets with 
&:.y_ Jkld t tinich splits at x and sj a SO a 2 fbr ‘some inte&zl SO. If Sj + 1 is a prime 
power for 16 j G r, then there is a complete permutation Nu+l,l with a split at x. In 
this case there is also a completely compatible set of permutations of Ne+r,r of size 
$0. 
(ii) Suppose that, for some integral t, x and y with t K x s y, 
i)D(Aj)=(u:tcuCx)U{v:y~v~~~y-x). 
j=l / ’ 
If sj + 1 is a prime power of 16 j G r, then there is a complete permutation of 
Theorem 6(i) is a consequence of a paramettic approach first noted in [22] and 
discussed further in [l, 3, 13, N-18, 24, w]. The general idea is to define a 
completely compatible set of permutations of size s not of ‘an integral base but 
rather of a set defined abstractly in terms of s integer valued parameters. 
Substituting in turn Sj, 1 -J ( * s r, for s and the values from the Mference sets for 
the parameters gives a completely compatible set of perria&tions of size s0 2 2 of 
the more familiar kind and, hence, at least one permutation as asserted. Theorem 
6(G) results from a slightly-more general variant of this approach and is included 
to cover some special cases in Section 7 (see also Fig. 8). Further, as parameters 
admit the kind of adjustment o numerical values involved in split permutations, 
complete permutations derived in this way. inherit the splits of. the underlying 
system (but not a!0 complete permutations with splits can be derived from per_%ct 
systems of difference sets;. see Appendix 2). . _ . . 
The parameteric method naturally depends in turn on a supply of perfect 
systems of difference sets. We draw .most’ extensively on the case of two 
parameters reflecting oz: knowledge of perf~t systems of difference sets in which 
all the difference sets have vaiency 2 (see ~mur;ls 4 and 5). We include an 
exposition of this case here because it is comparatively simple yet gives some idea 
of what is involved in general, thereby lending greater substance to the remarks 
in the preceeding paragraph, including those on- splits, as =weli as making our 
account more self contained. .. , . 
Let al and a2 be integral valued parameters with O< al < a2; and write 
a1,2 = a1 -O- a2_ Tfius, if A = (0, a2, a1,2}, tien D(A) = {a,, a2, a1,2} is a full 
difference set of valency 2. Let N(al b a2) be the parametericaily defined set 
containing the elements of D(A) their negatives, that is 
N(al, a2) = (ii,,-, I d2r b, at, a2, e.2). 
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Now, a complete permutation of N(al, a*) is a matching in the bipartite graph in 
Fig. 6 (compare Fig. 1 and see [17]; note also that there are no further 
possibilities even if a2 = 2ul when a2 - a1 = al). I-G ncz, noting (fk), the complete 
permutations of N = Nl(a,, c12) are 5, q, Cg and i q, where 
SI ( 
_ _ 
= a2, a1,2,a2, a1.2, 4, aI 9 ) rl - @24, h,2,a1,2, kp a2)- 
Note that g and q have orders 2 and 6 respectively and that, by (8), 
Moreover, by adjusting the value of the parameter a2: by replacing a2 by ~2 + p 
for non-negative integral pB it is clear that the complete permutations of N(ul, ~2) 
have a split at a2. 
Suppose now that for Ai = (0, a2(j), a1,2(j)}, 16 j 5 r, WC have 
~D(Ai)=jn:t~ni3t9t+1}\(3r9r-6}, 
j=l 
(Isa) 
for some non-negative integral 6, with 6 6 3~z Then the difference sets D(Aj), 
1s j G r, are full and pair-wise disjoint and, indeed, for 6 = 0 give a perfect 
system of difference sets with threshold t in which all the difference zts have 
valency 2. Hence, complete permaiations obtained from those of N(al, a,) by 
substituting q(j) = al,X j) - a2( j) and a2( j) for al and a2 respectively, in turn for 
each j, 1 <j G I, may be added to give a complete permutation of N$f$,+l,, 
where, in view of (lga), 
N$:&+l,l== N3r+l+l,,E\ (3~ -b t - 6, -(3r + t - a)}. (Mb) r 
In the case 6 = 0, if the underlying perfect system of difference sets has a split at 
x, we obtain complete permutations of N3r+l,r which split at X. 
Examination of the argument in [S, 211 shows that the facts of the matter 
regarding (ISa) may be expressed succinctly in terms of a quantity A = A(r, t; 9) 
given by 
A = &(T + 1- 26) + 225). 
. (i) for 6 = 0 OP 1, there are differewe sets II( 1 s j 6 r, satisl:Ping 
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(Ma) if and only if A is a non-negative integer. 
(ii) For 5 = 0 or 1, there is a co,mplete permutation of N$fj_L+I,, with a split at 
t + r whenever A is a nonnegative integer. 
For example, the difference sets D(&), lni <= c, for A,, given by (l7), where R 
is a complete permutation of NC, show the sufficiency of the condition in Lemma 
4(i) for 6 = O,-;r = 2t - 1, t = c, that is, in the extremal case A = 0. These 
difference se% also yield a complete permutation of N,C_3,C which may be added 
to n to give a complete permutation of N7C_3 with the consequence that this 
resulting permutation satisfied any tixed constraint satisfied by n (see the 
following sections). A similar addition is possible more generally for r 3 2t - 1 
and t = c in the case where S = 0 and, incorporating this observation in a more 
explicit restatement of Lemma 4(ii) in this case, we have 
Lemma 5. There are complete permutations of N3r+t,r and N3r+r which split at t + r 
for r32t- I Qnnd 
0,3 rs (mod4), t even; 
0,l (mod4), t odd. 
The condition of A in Lemma 4(i) is necessary for other values of 6 and it is 
conjectured that it is also sufficient (compare [21, p. lM]). 
5. General theory of constraints 
The arithmetic of complete permutations described in Sections 2 and 3 has 
several immediate consequences in terms of spectra. To make the most of those 
consequences we need to take pslits into account and so enlarge our terminology 
to do this easily. Throughout his section c is an (arbitrary) positive integer, x is a 
(tied) positive integer with c ax and, as in Section 1, u = (ul, . . . , uk), 
II = ( V19 . . . ) ?I& - 
For a tied constraint u-+ o with iu;! <x, lvi] <x, 1 G i s k, we say that 
2c - ltti_-lj fits %(u; u) if there is a complete pc_station of NC with a split at x 
which satisfies the constraints u+ V. So, in particular, if 2c - l:ti_l, fits %( 
then 2~ C- 1 is m %(u; V) and if 2c - 1 is in (e(u, v), then 2~ - IQ+ fits %(u; 01). 
:\s an example, a2 in Fig. 2(viii) shows that 9(S) fits %((0,2j; (2,211 and zther 
exampies relevant to the spectra CeO and ZI are given in Appendix 1. Translating 
Theorem 1 into these terms, we have 
emma 6 (Fixed constraints). Suppose that 2c - llti_lj fir~ %( 
complete permutation of NIll,x with a split at y, d 3 y > x > 0, then 
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m=tjC+d-x)-l, w=2y-1,2&l or 2(c+y-x)-l. 
Similarly, the next result is a combined translation of Theorems 2, 3 and 4 
(note that the direct product of Theorem 2 is included as the case d = c” and that, 
in any case, it goes without saying that there are complete permutations of I& as 
N,* is a base). 
emma 7 (Fixed constraints). If 2~’ - Ijzz-lI arad 2d - 1~2cW_11 ,fit Tt, and %(u; V) 
respectively, then m(,#s U(u; v) for 
m = 2(c’ - 1)(2c” - 1) + 2(d - c’), 
w = (2c’ - I)&” - 1) or (22 - 1)(2c” - 1). 
Lemmas 5,6 and 7 taken together with examples in Appendix 1, are sufficient 
to establish Theorems A and B1 (see Section 6 and 7). The case of variable 
constraints is, in general, more complicated and, with a view to the limited 
objective of proving Theorem BZ, we consider here only sliding constraints. 
For c > x, the variable constraint u- v is a (c, x)-sliding constraint, if, for 
u = Us or v~, whenever u is independent of c, iul< x, while, whenever u is 
dependent on c, x G luj c c and u = UC + 6, where u = &l and b is indepndent of 
c (this latter part of the definition is never vacuous as x < c; if x = c were allowed 
the constraint would not be variable but fixed). So (4) is an example of a 
(c, x)-sliding anstraint for c - 1 ax > 1 and 
the constraint in Theorem Bz, is a (c, x)-shding constraint for c - 3 2 x > 5. 
Now, for a (c, x)-sliding constraint u+ II, we say that 2c - 1tb_1) suits V(u’ u) 
8 there is a complete permutation of IV” w<th a split at x which satisfies the 
constraint u + u. Examples for the sliding constraint (20) are given in Appendix 1. 
No*e that if z is a complete permutation of N, with a split at x which satisfies a 
(c, x)-sliding constraint I- u, then n,,, as in (7d) also satisfies the constraint 
IO-+ u with respect o the base IVX U nCcP,x+g for all positive integral p. Thus our 
definitions are ffitmPR 40 ullll~u &*actIy so that we obtain from Theorem l(i) an analogue, 
Lemma 8, for sliding constraints of Lemma 6 (taking p = d -X in the previous 
remark) while similarly Theorem 3 and 4 yield Lemma 9 as a counterpart o 
Lemma 7. 
(Sliding constraints). Suppose that 2c - 1t2r-rj sub %( 
permutation of Y 1 d,x with a split at y, dZ=y>x>o, 
n”@ = 2(CCC-X)- 1, w=2y-1 op” 2$-l. 
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Lemma 9 (Slidhg constraints). If 2c’ - 1t2r_-1j fits Z. and 2d - 1~2c~_1~ sui&s 
%(u; v), then m(,) suits Ce(u; tl) for 
m = (2c’ - 1)(2c’ - 1) + 2(d -- c”); 
W = (2 c’ - 1)(2c” - 1) or (22 - lj(2c” - 1). 
D(A) = a1,2 
I 
I 
) 
a 
1 a, . X : 
a a: 12 2 1 al a2 a1,2 %I_2 a2 a1 
F;= --a <a, 2 
-z- 1,3* a29 a1,2V 1, al p rl = (. a 2, aIs 
(i) Some complete permutations of N(a , a 
1 2) 
asscciated with 
al "2 a22 
z- 
- 
1,2' al;2 1 2 *asa > 
D(A). 
---- 
3+p 2+p 1 1 2+p 3+p FkF 2Tp 7 1 2+p 3+p 
D(A) = 
13+p2+p >(' x yfi 
s2fp i 1 '2+p 3+p Fp X$-i 1' 2+p 3+p 
F,= < 2+p, 3+p, Z+P, 3+p, 1+D, 1 m n = < 2+p, 1, 3+p, 3+p, 1, 2ap > 
(ii) Some complete permutations of N4+p 
P 
2+p U N2 
, 
1 associated with D(A). 
D(Al) = 
64-D 
D(A2) = 
11+p 
D(A3) 
= lO+P D(A4) = 
12+p 
1 5+P 2 9+P 3 7+P 4 8+P 
E = i ,, -6, 5, 6,-z, 1 - c = < -1 '3 T, 10, 7, 10, ?, 3 ) 
5,= c 9, 11, 9, 11, 2, 2 ) 5,= < 8, 12, 8, 12, 6, 4 > 
4 
a 5,=<s, 3, 7, ii, 12, -if& 3, %, 8, 7, 9, 5, 6,U,lO, 12, i, 1, -3, 6, -2, 3, 2, 4 > 
i=l 
(iii; CoiiipLzQe permutakion of N13 
, 
1 obtained from given perfect system of 
difference sets (p = 0): note split at 5. 
D(A1) = lO+P DtA2) = 
6 
D(A3) = 
11+-p 
3 8+p 
DiA4) = 
12+p 
1 9+P 2 4 5 7+P 
4 
* <,=<i, 8, 3, 5, ii, 5, 6, 7, & 8, 4, 9, 10, 6, 11, -5, 12&% 3, i, 1, 3. 5 ' 
i=l 
(iv) Complete permutation of N13, 1 
obtained from given perfect system of 
difference sets (p = 0): note split at. 7. 
Fig. 7. Examples of the parametric method. 
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In Lemma 9, unlike Lemma 7, d = c” is not allowed because of the way sliding 
constraints are defined and it may therefore be deduced from Lemma 8 
(interchanging d and c and putting x = c”, y = (2~” - 1)~ - c” + 1) as considera- 
tion of the proof of Theorem 3 reveals, (16b) providing a complete permutation 
of N&, which, by Theorem 4, splits at (2~” - 1)~ - C” + 1. Our proof of Theorem 
B2 (see Section 8) depends on Lemma 5,s and 9 in conjunction with examples in 
Appendix 1. 
Determination of spectra would be comparatively simple if it were possl’iik tw 
exhibit apprtipriate complete permutations. For example, the permutations IW, in 
(1) (see also Fig. 1) show that U(u; tl) for the (sliding) constraint u+tt in (4) 
consists of all odd positive integers other than 1 and 3. Another result of this sort 
is the following which is adapted from [3; Theorem 21. For 6 = 0 or 1 and k 3 1, 
let c = 4k + 6 and consider K defined on NC by 
I 
0, n =0, 
2n-c, O<n<2k+6, 
K(n)= 
2n+l-c, 
I 
2k+Qsn<c-1; n#3k+6-1, 
c-l, n=3k+&l, 
2k+&-I: n=c, 
--KC-n), -c<n<O. 
Then K is a complete permutation of N, satisfying the constraint (O)-* (0) j thus 
showing that m is in Y& for m 2 1 whenever (compare Theorem A) 
111~ 1,7,9,15, 17,23 (mod 24). 
(The interest in K in [3] is that, in the notation of (8b), RK = K.) 
It would be most interesting to have other specific examples like this. But, 
failing that, it seems that we must have recourse to more elaborate constructions, 
even to determine (eo, let alone other spectra like %& or %*. Accordingly, our 
proof of Theorem A in the next section employs the general hmaterial lready 
assembled (see Fig. 7) and, in particular, does not rely on the complete 
pernlutation K above (except hat we borrow the case m = 47). 
I am most grateful to J.V. Abrham, RD. Johnson, A. Kotzig, P.J. Laufer and 
J.M. Turgeon for generously keeping me informed of their work on additive 
permutations; the first two of these have been particularly kind in helping to 
improve this exposition by supplying detailed comments on an earlier draft. The 
special construction at the end of Section 7 (see [7]) showing that 4707J and 53,,,, 
fit %I is due to a referee whose comments on the entire text have proved 
valuable. 
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I am much indebted to D.J. Crampin for considerable help with the 
computational spects of this work as detailed jointly in the sequel [7]. 
P have also had the benefit of correspondence and discussions with S. Saito and 
T. Hayasaka who have, as before, generously shared their computer studies with 
me before publication (see [19, 201). 
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